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Lecture 23

A picture of a graphing of a CBER E :

Eagles . (a) For any CBER Eon X
,

E itself is basically a graphing ,
except tht we chose graph to be irreflexire

,
so

E) Idx is indeed a graphing af E, called the complete
graphing of E.

(b) ht PBX be a Bad action of a ctbt group P al
let SET be a symmetric generating sitter T.
Recall tht the Cagley graph of P wrt S is a ✗aph

Cag{ f) on T with edges lyr.ir ) for all ✓c-Val res.

Now for the action af T
,
we define its Schreier graph

wits
,
as ↳ = { (× , ox) : ✗ EX

,
ones }lId✗ . hs

i> Band hire 4
,g) c- Ga <⇒ 3- res y=T✗

www.
Chl union Borel of the

diagonal



It's obvious tht the orbit g. rel . Ep = Eas , i.e

Gg i a solving af ET .

Obs
. Earle component of Gs is a homomorphic inage

of Cagslt) , given by N→ 8.x
.

If the alien is free
,
this is a graph isomorph:L .

Prop . For
any CBER E

,
all of its graphiys are Schreier

graphs .

Proof
.
let h be a graphing af E.

D) the Feldman-Move theme , E=Y gracphtru) fer sone

Boel involutions
.
let Ji :X→ ✗ by ✗↳ Jux if 4,2×4-4

4 ✗ c- ✗ otherwise
,
let t = < Ya

'
: new>

.

It's

easy to see, TMX
at Ei --E . letting 5- 1h

'
: new}

we see tht the Schreier graph at MX arts
is precisely h .

New we define the analog of rank called cost
. Again recall

tht the rack of a go.pt is viii.- over all its ↳ leg

graphs of 'z the degree of each vortex
.

Also recall
,
tht

to a finite graph G
,
# edges of G=¥gkjesi×!



Euuippiy V41 uh he counting meant , we can with this

as IEKX-tzsdegdxldMH.VN
Def

.

For any
loc
.
utbl Bad graph Gou n prob. space IX.d) it,

cost is : Cola)==tz§kyWdMH= 1-21,14×1111×1
For a CBER E on 14M

,
its cost is

cute) := iaaf (v14) ,

there h ranges over all Boel graphiys of E.

this notion of cost is only natural tag analogy with Coyle, graphs)
and until for "

pap
"
CBERS

.

Def. A CBER on IX.H is called pap if H Borel bijection
4 : A → B

,
fer sone Bout A

,
BEX

,
s.tn

. graph 16) c- E ( i.e.

41×1 Ex ) we have MIA) -11131--11419-1) .

Prop . For a CBER E on IX
,
M
,
TFAE :

ID E is pup
(2) V- Bout action P → ✗ of a ctblgp Pst . Ep=E , Kia



action is pmp.

(3) 3- Bond alien i →✗ sit
.
Ep=E I this action is pap.

Proof
. 41=>45 Trivial hose elements of rare Boel Injections

with graphs c- E.

(21--713)
. 13g Feldman-Moore

.

4) ⇒ G)
, let A,B c- ✗ be Borel I 4:AsR be a Hoel

the 131

g. ?⃝ .

☐ bijection . We implant 6 as a piecewisetranslation
by T' rith cthlg -many pieces : Fix F- then

☐
and An := { ✗ C-A : n is the min . with Kx --61×1 } .

A. At
E-done ,

Then MB) -- MU Jian ) -- Ethan -
- EMA)=dCA),

HEIN HEIN NEIN

We think of pup as all points in the same
E- clan

have egad ness
, just like for finite groups . If a group

P i> Autre then tzdegae of eah vertex is a Cagley
graph = tz of the average degree (with the uniform prob
measure On P) ,

How do we uenpwte the cost of E ? What if we
"take "

a minimal graphing lie . acyclic) . Would tht achieve the cost ?

Wait
,
does criminal graphics (recall Borel ) always exist?



Turns out tht only special CBERS admit minimal graphics.

Def
.

A CBER on a st. Borel
up .

✗ is called truubk if

it admits an acyclic Borel graphing , called a treeing .

If M is a pooh. neas.ae X
,
we call E f- treeable if E

is tremble on a wall set ( E- invariant if E is null -pres.).

Groups all of whose free pup actions induce truckle eg .

rel
.
are called strongly tremble

,
at these tht admit one

such action we called treeable
.

Open problem . Is truckle the sane as strongly treeable
.

standard

Examples . (a) Free
groups are strongly trouble , indeed the

✓Schreier

graphs of 11T
,
near

,
are acyclic .

(b) µkq)* are strongly tremble .
E.g. k

--3

%



f) Virtually free groups are st
.
Keeble

,
e.g. GHHK.tl.

(Jackson - Kechris - louveau
,
uses genetic gp than)

(d) surface groups lie .
fmdweat-1 gps of tartans

)
,

I even elementary free groups ( i. e. groups
those first - order theory = that of free snaps).
(Conley - Gaboriau - Marks - Tucker-Dob)

(e) Hjorth showed there are continuum
may Borel

incomparable turf Borel reducibility ) tenable eg.nl.

Now examples . (a) kaaahdnn groups
are anti- treble

,
i. e. no free pap

alien is trouble . E.g . Gluth
,
Kuk)

,
his }

.

(b) Truckle eg . rel. we not closed under product

and ctbl increasing unions . E. g. let ÉÉd¥
be orbit eg.net. inked hg free pup actions

of Fi I 2
, resp . Then Eifzx Ez is not

M, ✗ Me-triable .

Open problem .
Is tneewbilib closed under finite- index extensions ?



E
In fact

,
let FEE be {E : 1=7--2

,
i.e. eah E-class

¥5 ha , exactly 2 F- clan . If F is tneeabk
,
is

E E
E trouble ? Maybe it - tremble ?


